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l. INTRODUCTION

In the framework of Enestrom-Kakeya theorem([4],[5]) which states that “all the zeros of a polynomial

n
P(z) = Zajz‘ with a, >a, ; >..... >a, >a, >0lie in |Z| <1”, K.A.Kareem and A.A.Mogbademu
j=0
[3] recently, while generalizing some results of Gardner and Shields [1] on polynomials with certain
monotonicity conditions on their coefficients, claim to have proved the following results:

n .

Theorem A: Let P(z) = Zai " be a polynomial of degree N where for some R>0,
j=0

0<u<l0<p<10<k<n,

0< plag| <Rla| < R*[a,| < ........ <R"Ya,,| < R¥a]
> R*a,,y| 2 . 2 R a2 (R— )R™ [, |,

n+1

Vs .
and ‘arg a; —ﬁ‘ <a< > for 1< j <nand for some real & and £ . Then for 0 < <1 the number of

zeros of P(z) in |Z| < ARis less than

1 M
|09|a|
| 0
095
where
|ao|R[ + R |—COSa—sina]+2|ak|Rk*1c05a+
0
-1
+|an|R"+1[1+H—COSa+Sina]+23ina2‘aj‘Rj+l.
n =

n .

Theorem B: Let P(2) = Zajz‘ be a polynomial of degree N where Re(@;) = «¢;andIm(a;) = B; for
=0

0 < j <n. Suppose that for some R>0,0 < 1 <1,0< p<10<k <n,
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0+# pa, <Ra, <R%’a, <. <R“'a,_, <R'q,

k _ ~
>R, ,>...>2R", , >(R- )R, .
Then for 0 < & <1 the number of zeros of P(z) in |Z| < ARis less than

L oM
a|

Iog1
)
where

1 n+ n
M :(;|ao_ﬂ|_ao)R+(|an — 4= e )R™ + iR(1L+R")
+2akRk*l+2Zn:\ﬂj\Ri+l.
j=0

n
Theorem C: Let P(2) = Zaj ' be a polynomial of degree N where
=0
Re(a;) = a;andIm(a;) = B; for 0<j<n. Suppose  that  for  some R>0,
0<u<10<A4<10<p £10< p, <landforsome 0<k<n0<I<n,
0+ pa, <Ray <R’a, <. <R"'¢_, <R'g,

>R, , >....2 R, , >(R— )R,
and
0,8, <RB <R?’B, <.... <R"™p_,<R'B

>R"™MB.,>..2R"B , >(R-u)R"'S,.

Then for 0 < & <1 the number of zeros of P(z) in the disc |Z| < ORis less than
1 M

L]
log— 0
095

where

1 1 n
M = (_|050 _ﬂ|_ao)R+(_|ﬂo _/1|_ﬂo)R+(/J+i)R(1+ R")
P P2
+20, R + (|, — 1 — 2, )R™ + (B, = 4| - B,)R™ + 28 R"™.

. MAIN RESULTS
Unfortunatelely, there are various mistakes in the proofs of these theorems and the bounds obtained for the
moduli of the zeros are not correct. In this paper we give the correct bounds for the zeros of the polynomials in
the above mentioned theorems and prove

n
Theorem 1: Let P(2) = Zaj ' be a polynomial of degree N where for some R>0,
j=0
0<u<l0<p<10<k<n,
0< play| < Rla,| < R*[a,| <........ <R"Ya,,| < RYa,]

> R*™a,y| > . 2 R a2 (R— )R™ [, |,
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z .
and ‘arg a; —ﬂ‘ <a< > for 1< j<nand for some real & and f. Then for 0 < <1 the number of

zeros of P(2) in |Z| < ARis less than
1 M

where
M = 2ja,|R - pla,|R(AL—cosa —sina) + 2Ja, |R“" cosa

+[a,[R"™ (1 cosa +sina) + ula,|R" (1+ cosa —sina)
n-1 _
+25ina2‘aj‘R“l.
=0
Taking R=1 in Theorem 1, we get the following
n
Corollary 1: Let P(z) = Zaj ' be a polynomial of degree N where for some

j=0
0<u<l0<p<10<k<n,

0< plag| <lay| <o, <o <la,|<[a]

> a2 2 A, = - w)|a,],
and ‘arg a; —ﬂ‘ <a S% for 1< j < nand for some real & and S . Then for 0 < <1 the number of

zeros of P(z) in |Z| < ARis less than

where
M =2Ja,| - pla,|1—cosa —sina) + 2a,|cosa

+[a, |- cosa +sina) + ua,|(1+ cosa —sina)
n-1
+2sin aZ‘aj ‘
j=0
For £ =0, p =1, we get the following result of Gardner and Sheilds [1] from Theorem 1.

Corollary 2: Let P(z) = iaj 2" be a polynomial of degree N where for some R>0,
=0
0<k<n,
0<|a,| <Rla| < R*[a,| < ........ <R"Ya,,| < R¥a,]

k+1 -1
> R*"ay |2 ... 2R a4 = R"[a,],
T .
and ‘arg a, —ﬂ‘ <a< > for 1< j <nand for some real @ and £ . Then for 0 < <1 the number of

zeros of P(2) in |Z| < ARis less than
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1 M
log—
log= |a0|
where

M =|a,|R(L—cosa —sina) + 2|a, |R“" cosa

n-1
+[a,|[R"™ (1 cosa +sina) + 2sina2‘aj‘R‘“.
=0

n

Theorem 2: Let P(z) = Zajz‘ be a polynomial of degree N where Re(@;) = c¢;and Im(a;) = ; for
=0

0 < j <n. Suppose that for some R>0,0 < 1 <1,0< p<10<k <n,

0+ pa, <Ra, <R%’aq, <. <R"'q,, <R“q,
Kk — —
>R"'a, , >...2R"a,, >(R—- )R, .
Then for 0 < & <1 the number of zeros of P(z) in |Z| < ARis less than
1 M

where
M =2a,|R - pla, +|atp )R+ 20 R + (| — 2, )R™ + p(x,, +|e, )R"

n
+2)°|8;|R*
j=0
Taking R=1 in Theorem 2, we get the following

n
Corollary 3: Let P(z) = Zasz be a polynomial of degree N where Re(a;) = a;and Im(a;) = j; for

=0
0 < j<n. Suppose that forsome 0 < 1 <10< p<10<k <n,
O0#pa,<a, <a,<.... <o, <o

2 2O 2 2 (o) 2 (1—,11)05”

Then for 0 < & <1 the number of zeros of P(z) in |Z| < ARis less than

1 M
- |Og_
log |a0|
where
M = 2|a0| - p(a, +|a0|) +2a, + (|an|—an) + u(a, +|05n |)

n
+ ZZ‘ﬂj‘ .
i=0
Taking 1 =0, p =1, we get the following result of Gardner and Sheilds [1] from Theorem 2.

n
Corollary 4: Let P(z) = Zasz be a polynomial of degree N where Re(a;) = a;and Im(a;) = j3; for

=0
0 < j <n. Suppose that for some R>0,0 < k <n,
0#a, <Ra, <R’aq, <. <R"'¢,, <R'g,
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>R"'q, ,>...2R"a,, >R"a,
Then for 0 < & <1 the number of zeros of P(z) in |Z| < ARis less than
1 M

- |0g_

log— 2]
where

M =|a,| - )R + 20, R + (et | — 2, )R™ + 2Zn:\ﬁj\Ri“
j=0

n
Theorem 3: Let P(z) = zaiZJ be a polynomial of degree N where

=0
Re(a;) =a;andIm(a;) = j; for 0<j<n. Suppose that for some R>0,
0<u<10<4<10<p £10< p, <landforsome 0<k <n0<l<n,

0% pa, <Ra, <R’a, <........ <R“'a,_, <R%q,
Rk+lclk-*—l Rn - n+1 = (R /J)Rn_l

and

2,08, <RB <R?*B, <. <R"™p_,<R'B
>R"™B ,>...2R"B > (R-A)R"'S,.

Then for 0 < & <1 the number of zeros of P(z) in the disc |Z| < ARis less than
1 M

where
M = 2|a,|R - p,R(o| + @) + 22, R + (et | — @, )R™ + pa(ex, +]ex, )R
[
+2|B5|R = p,R(Bo| + Bo) + 2B,R™ +(B,| = B )R™ + A, +|B.)R".
Taking p, = p, =1 A = g =0in Theorem 3, we get the following result due to Gardner and Sheilds [1]:

n -

Corollary 5: Let P(z) = Zaj Z" be a polynomial of degree N where
j=0

Re(a;) =«a;andIm(a;) = B; for 0< j<n. Suppose that for some R>0,0 < p <1l and for some

0<k<n,

0# a, <Ra, <R’a, <......... <R"'q, , <R%g,

>Ry, 2. 2R, 2R"q,

n+l —
and

2 I-1 |
By <RB <R°B, <......... <R7B LR B
| _
>R"™B.,>....2R"B  >R"B .
Then for 0 < & <1 the number of zeros of P(z) in the disc |Z| < ARis less than
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1 M
log—
log= |a0|
where

M =|ao| - )R + 22, R + (| — e, )R™

(|- BIR+2BR™ + (|- BIR™.

For other different values of the parameters , we get many other interesting results from the above results.

1. LEMMAS
For the proof s of the above results, we make use of the following lemma which
is due to Govil and Rahman [2]:

Lemmal: For any two complex numbers Z;,Z,such that |Zl|2|22|and for some real a,f
T
‘argzj—,B‘SaSE,j:l,Z,Wehave

|z, — 7,| < (|2, =|z,|) cosax + (z,| +|z,])sinex.
Lemma 1 is due to Govil and Rahman [2].
Lemmaz2: Let f(z) be analytic , |f (Z)| <M for |Z| <Rand f(0) = 0. Then the number of zeros of f(z) in

|Z|£éRwhere 0 < 6 <1is less than or equal to ! log M .
oal O]
ogg

For Lemma 2 see [6]).

IV. PROOFS OF THEOREMS

Proof of Theorem 1: Consider the polynomial
F(2)=(R-2)P(2)

=(R-2)(a, +a,z+a,2* +....+a_,2 " +a, 2" +a,,2" +....+a, 2" +a,z")
=a,R+(a,R-a,)z+(a,R-a,)z* +....+(a,_,R—a,,)z2"" +(a,R—a,_,)z"
+(a,,R-a)z"" +....+(a,,R-a,,)2"" +(a,R-a,,)z" —a,z"".
For |Z| <R, we have, by using the hypothesis and the Lemma,

IF(2)| < |a|R+|a,R - oAy + pB, —ay|R+[a,R—a,|R* +...... +[a, ;R — 8, ,|R“" +|a, R—a, ,|R"

+la,R-a R +...+[a,,R-a,,|R" +[a,R - 1, + 1A, —a, ,|R" +]a,[R"™*
<lap|R+[(|a,|R - play ) cosa + (ja, |R + plag) sina]R + (1— p)|a,|R
+[(ja,|R—|a,|) coser + (|a,|R+ 3|y sina]R? +.....
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+[(|ac1|R —|a_] cosa + (ja_,|R +|a,_,[) sina]R**

+[(a|R a4 cosa + (ja,|R + [a, ) sin]R*

+[(ja | —[ac. R) cosa + (a | +]a., R) sina]R“™ +......
+[(a,_.| —|a,1|R) cosa + (a,_,| +[a,,|R) sina]R"™
+[{a,| - (R-p)a,feosa +{a, |+ (R - w)|a,[}sina]R"
+ pfa,R" +[a,[R™

=|ay|R+ (1— p)|a|R - play|Rcosa + pla,|Rsina + 2a, |[R*** cosa - |a,|[R™ cosa
+[a,[R™ sina + pfa, |R" cosa — pfa, |R" sina + ya,|R" +[a,[R"
-1
+25inan2‘aj‘R"+1
j=1
= 20a,|R - pla,| - pla,|Rcosa — pla,|Rsina + 2 pla,|Rsina + 2a,|R** cosa
—la,|R"™* cosa +|a,|R™ sina + ua,|R" cosa — ula, |R" sina + ufa, [R" +|a, [R™
1
+23inozn2‘aj‘Rj+l
j=1
< 2|a,|R - pla,|R(AL—cosa —sina) + 2Ja,|Rsina + 2a, |[R** cosa
—la,|R"™* cosa +|a,|R™ sina + ua,|R" cosa — ua, |R" sina + pfa, [R" +a,[R™
-1
+25ino¢nZ‘aj‘Rj+l
=1
= 2|a,|R - pla,|R(L—cosa —sina) + 2|3, |R“"* cosa
+[a,[R"™ (1 - cosa +sina) + ula,|R" (1+ cosa —sina)
-1
+2$inan2‘aj‘R“l
=0

=M.
Since F(2) is also analytic for |Z| < R,F(0) #0, it follows by the lemma that the number of zeros of F(z) in
|Z| <AR,0< O <1 is less than or equal to
1 M 1 M

log = log :
o o

log

Since the zeros of P(z) are also the zeros of F(z), it follows that the number of zeros of P(z) in
|Z| <AR,0< 6 <1 is less than or equal to
1 log M _ 1 log M
FOI ol [alR
o

Iog1 log
)

That proves theorem 1.
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Proof of Theorem 2: Consider the polynomial
F(2)=(R-2)P(2)

=(R-2)(a, +a,z+a,2* +....+a_,2 " +a, 2" +a,,2" +....+a, 2" +a,z")
=a,R+(@R-a,)z+(@,R-a)z* +....+(a_,R-2a, ,)2* ' + (&, R—a,,)z"
+(@,R-a)z" +....+(@_,R-a,_,)z2"" +(a,R-a, ,)z" —a,z""

=o,R+(,R—a))z+(a,R—))2° +.coo. + (o, ,R— 0, ,) 2" + (e, R— ¢, ;) 2"
k+1
+

+( R—a, )" +...... +(a,,R-a, ,)2" +(a,R~a, )" —a, 2"
HilBR+(BR=B0)2+ (BoR = B)2° + o + (B, R = B ,) 2
+(BR=B )2 +(BR- B +.... + (B, R= B, )"
+(B,R= )"~ B,2"]

For |Z| <R, we have, by using the hypothesis

|F(Z)| < |ao|R+|alR—pa0 + pa,, —ao|R +|052R—051|R2 + o +|05k71R—ak72|Rk_1 +|05kR—05k71 R

+ao  R—o R + .+ 4R — o, ,|R™™ +|a,R— par, + e, — a4 R + e, [R™
By R +|BR = BR+[BR = B[R? + .o +|B, R = B, R™ +[B,R— B, R +|8,R™
<lerg|R+ R = pagR + (1= p)leg R+ @, R® =y R? + a,R* — 2, R® +
+a, R —a, , R+, R“" ~ R+ R*" —r, ;R +......
+a, ,R" —a, R"+a,,R" = (R—w)a,R" + |, |R" +]ex, [R"™
+|Bo|R+|BIR? +|B5|R +|B,|R® +|B|R? +ccco. + | B | R" +[ B, |R™™
+|ﬂn|Rn+l +|ﬁn_l|Rn +|ﬂn|Rn+1
< 2la|R - play + | )R+ 20, R** + (joa| = 2, )R™ + pa(ex, +]ex, DR

+2§n:\ﬂj\Ri“
j=0

=M.
Since F(z) is also analytic for |Z| < R,F(0) #0, it follows by the lemma that the number of zeros of F(z) in

|Z| <AR,0< 6 <1 is less than or equal to

1 M 1 M

log = log :
|og£ |F(O)| 1 |aO|R
o o

log

Since the zeros of P(z) are also the zeros of F(z), it follows that the number of zeros of P(z) in
|Z| <AR,0< 0 <1 is less than or equal to
1 M 1 M

log = log :
o o

That proves theorem 2.
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Proof of Theorem 3: Consider the polynomial
F(2)=(R-2)P(2)
1

=(R-2)(a, +a,z+a,2* +....+a_,2 " +a, 2" +a,,2" +....+a, 2" +a,z")
=a,R+(a,R-a,)z+(a,R-a,)z* +....+(a,_,R—a,,)z2"" +(a,R—a,_,)z"
+(a,,R-a)z"" +....+(a,,R-a,,)2"" +(a,R—a, ,)z" —a,z""

=o,R+(,R—a))z+(a,R—))2° +.coo. + (o, ,R— 0, ,) 2" + (e, R— ¢, ;) 2"
+( R-a )" +..+ (@, ,R—a, ,)2"" +(a,R~-a, ,)2"
@, 2" IR+ (BR= )2+ (BR = B)2% + ot (B iR~ B )2
+(BR=B)Z +(BaR= LI + o+ (B,4R= B, )"
+(BR=B )2 - B2
For |Z| <R, we have, by using the hypothesis

|F(Z)| < |050|R+|051R—,010{O + P, —050|R+|052R—051|R2 +os +|0{|(71R—05k72|Rk_1 +|05kR—05k7l R

+a R R + .+, R -, L)R"™ +|a,R— pa, + pat, — a4 R
+a [R™ +|Bo|R +|BR = 0280 + p2Bs — Bo|R+|B,R= BR® +.......
+BLuR=B LR +|BR-BLR +...+[B, R - B,,)R™
+|B,R=2AB, + AB, — Bs|R" +|B,|R™

<ler|R+ (R = prag )R+ (L= py)|exg|R+ (2,R — ) )R® + .o + (o s R— @, )R
+(aR-a )R +(a, —a, ,R)R*" +......+ (,_, —x, [R)R"™"
+{a,y — (R—w)a, IR + g, |R" +|ar,[R™ +| 5 |R + (B.R = p,5,)R
+(L= p,)|Bo|R+ (B,R=BIR* +..c..+ (B4R = S,)R"™
+(BR=B IR +(B = B.RR™ +...+ (B, , - BRR™
+{By— (R=A)BHR" + A, |R" +|B,[R™

< 2a|R - piR(atp| + ) + 20, R + (et | — @, )R™ + pa(ex,, +]ex, )R

+2/5|R = p,R(Bo| + Bo) + 2B, R™ +(Bo| = BIR™ + 2B, +| B, )R

=M
Since F(z) is also analytic for |Z| < R,F(0) #0, it follows by Lemma 2 that the number of zeros of F(z) in

|Z| <AR,0< O <1 is less than or equal to

1 M 1 M

log = log :
o o

Since the zeros of P(z) are also the zeros of F(z), it follows that the number of zeros of P(z) in
|Z| <AR,0< 0 <1 is less than or equal to
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1 log M 1 log M
o o

That proves theorem 3.
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